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Abstract. We prove a number of results concerning the embedding of a Banach 
lattice X into an r.i. space Y. For example we show that if Y is an r.i. space 
on [0, oo) which is p-convex for some p > 2 and has nontrivial concavity then any 
Banach lattice X which is r-convex for some r > 2 and embeds into Y must embed 
as a sublattice. Similar conclusions can be drawn under a variety of hypotheses on 
Y; if X is an r.i. space on [0, 1] one can replace the hypotheses of r-convexity for 
some r > 2 by X ^ Li- 

We also show that if Y is an order-continuous Banach lattice which contains no 
complemented sublattice lattice-isomorphic to ti, X is an order-continuous Banach 
lattice so that £2 is not complement ably lattice finitely representable in X and X is 
isomorphic to a complemented subpace of Y then X is isomorphic to a complemented 
sublattice of Y N for some integer N. 



1. Introduction 

The study of the Banach space geometry of general rearrangement-invariant 
Banach function spaces may be considered to originate with the work of Bretagnolle 
and Dacunha-Castelle on subspaces of Orlicz function spaces [3]. A very important 
development in the theory was the publication of a systematic study of r.i. spaces 
by Johnson, Maurey, Schechtman and Tzafriri in 1979 [21]. The appearance of this 
memoir revolutionized the subject. Since then, a number of authors have considered 
problems of classifying subspaces of certain special r.i. spaces; see [5], [6], [7] ,[8], 
[9], [13], [14], [17], [19], [20], [39], [40] for a variety of different results of this type. 

In general, most of the literature relates to the problem of embedding a Banach 
lattice X (either atomic or nonatomic) with additional symmetry conditions into an 
r.i. space Y, and the techniques used rely heavily on symmetrization. In [27], how- 
ever, the second author considered the general problem of determining conditions 
when an order-continuous Banach lattice X could be complementably embedded 
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in an order-continuous Banach lattice Y, minimizing the use of symmetry. The 
aim was to show that under certain hypotheses on X and Y one could deduce 
that X (or perhaps only a non-trivial band in X) would be lattice-isomorphic to 
a complemented sublattice of Y. A number of such results were obtained (we refer 
for details to [27]); of course, the additional assumption that either X or Y is r.i. 
could still be used to obtain stronger results of this nature. In the final section of 
this paper (Section 8, which can be read independently of the remainder) we obtain 
a significant improvement of one of the results of [27] by showing that if X, Y are 
order-continuous separable Banach lattices, such that Y contains no complemented 
sublattice which is lattice-isomorphic to £ 2 and £2 is not complementably lattice 
finitely representable in X, and if X is isomorphic to a complemented subspace of 
Y then X is lattice-isomorphic to a complemented sublattice of Y N for some N. 
Of course if Y is r.i. then X must be a complemented sublattice of Y itself. 

The main body of the paper (Sections 3-7) is concerned with similar problems 
but without assumptions of complementation. We consider an r.i. space Y on [0, 00) 
(or [0,1], but there our results are not quite so strong) and consider a generally 
nonatomic Banach lattice X which is isomorphic to a subspace of Y; we would like 
to show, under appropriate hypotheses that X is lattice-isomorphic to a sublattice 
of Y. Of course, there is no hope of such a result in general; the spaces L p [0, 1] 
for 1 < p < 2 have a very rich subspace structure (cf. [39], [40]); in particular L r 
embeds into L p if p < r < 2. However, there are some suggestive results in the 
literature which tend to indicate the possibility of strong conclusions if Y is "on 
the other side of 2." 

We first observe that Johnson, Maurey, Schechtman and Tzafriri [21] Theorem 
1.8, showed that if X is a Banach lattice which embeds into L p [0, 1] where p > 
2 and X is r-convex for some r > 2 (or, equivalently £2 is not lattice finitely 
representable in X) then X is lattice-isomorphic to L p {n) for some measure //, 
and so is lattice-isomorphic to a sublattice of L p . Note that this result requires no 
symmetry conditions on X. For the case when X is an r.i. space on [0, 1] there are 
some other positive results. In [21] Theorem 7.7 shows that if Y = Lp[0, 00) is a 
p-convex Orlicz space, with nontrivial concavity, where p > 2 and if X is an r.i. 
space on [0, 1] which embeds into Y, with X 7^ L 2 [0, 1], then X must be lattice- 
isomorphic to a sublattice of Y. Later Carothers [5] proved the same result for the 
Lorentz spaces L P:Q where 2 < q < p. These spaces are also strictly 2-convex (i.e. 
r-convex for some r > 2). However in [6], Carothers extended his work to the 
Lorentz spaces L PyQ where 1 < q < 2 < p. These spaces are not even 2-convex. 

Our main results include all these previous theorems. In Theorem 7.2, we show 

that if Y is a strictly 2-convex r.i. space on [0, 00) with nontrivial concavity and 
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X is a strictly 2-convex Banach lattice then if X embeds into Y, then X is lattice- 
isomorphic to a sublattice of Y. The assumption of strict 2-convexity on Y can be 
relaxed for a special class of r.i. spaces which we term of Orlicz-Lorentz type (this 
class includes all reflexive Orlicz and Lorentz spaces) ; if Y is of Orlicz-Lorentz type 
we need only assume that Y is 2-convex or that its lower Boyd index py > 2. In the 
case when Y is an r.i. space on [0, 1] our results are not quite as good; for example 
if Y is strictly 2-convex and has nontrivial concavity and X is strictly 2-convex we 
deduce only that some nontrivial band in X is lattice-isomorphic to a sublattice 
of Y. In the case when X is an r.i. space on [0, 1] we give (Corollary 7.4) a very 
general result which includes the above mentioned results of [5], [6] and [21] for 
Orlicz and Lorentz spaces. Precisely, suppose Y is an r.i. space on [0, 1] or [0, oo) 
with nontrivial concavity and suppose that either Y is strictly 2-convex or Y is of 
Orlicz-Lorentz type withpy > 2; suppose X is an r.i. space on [0, 1] which embeds 
into Y. Then either X = L 2 [0, 1] or X is lattice-isomorphic to a sublattice of Y (so 
that X = Y f [0, 1], for some / € Y). 

We also give a result on embedding L p [0, 1] where p > 2 into a p-concave r.i. 
space Y. We show in Theorem 7.7 that this implies that either the Haar basis of L p 
is lattice finitely representable in Y or Y[0, 1] = L p [0, 1]. The former alternative is 
impossible if Y is of Orlicz-Lorentz type or is strictly 2-convex. 

Let us now briefly discuss the method of proof of these results. For reasons 
discussed below, we consider quasi-Banach lattices and develop a theory of cone- 
embeddings. If X and Y are quasi-Banach lattices, a cone-embedding L : X — > Y 
is a positive linear operator such that for some 5 > 0, ||Lx||y > for every 

x > 0. We consider cone-embeddings in Sections 4 and 5. The aim is to produce 
conditions on X and Y so that one can pass from the existence of a cone-embedding 
to the existence of a lattice-embedding. Crucial use is made of the theory of random 
measure representations of positive operators. A typical result is that if X is strictly 
1-convex and if Y is an r.i. space on [0, oo) which is an interpolation space between 
L\ and then if X cone-embeds into Y it also lattice-embeds. The assumption 
on Y is satisfied if Y is a Banach r.i. space, by the Calderon-Mityagin theorem, but 
also holds for certain non-Banach examples, where the lower Boyd index p Y > 1. 

The next step carried out in Section 6 is to consider the case when X is a Banach 
lattice which embeds into an r.i. space Y. The aim here is to put hypotheses on X 
and Y so that one can induce a cone-embedding L : X\/2 — > Y1/2 where X1/2, Y1/2 
are the 2-concavifications of X and Y (these spaces may not be locally convex). 
This can be done if one puts a somewhat technical hypothesis on X and Y (Theorem 
6.7). To put this hypothesis in perspective, let us note that if X is an r.i. space 
on [0, 1] and one aimed simply to guarantee that L 7^ it would suffice to assume 
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that the Haar basis of X was not equivalent to a disjoint sequence in Y. This is a 
typical hypothesis in [21] (Theorems 5.1 and 6.1) where the aim is only to draw the 
weaker conclusion that X[0, 1] C Y[0, 1]. In fact some (and perhaps all) of these 
results can be recovered from our method. However, to obtain X as a sublattice 
we need L to be a cone-embedding. Fortunately our stronger technical condition is 
satisfied when Y is strictly 2-convex or of Orlicz-Lorentz type. 

Finally one can put these steps together and obtain, under the right hypotheses, 
that if X embeds into Y then Xi/ 2 lattice-embeds into Yi/ 2 and so X lattice-embeds 
into Y. 

This research was carried out during a visit of the first author to the University 
of Missouri in October 1993 and a visit of the second author to the Complutense 
University in Madrid in June 1994. 

2. Definitions and notation 

We first recall that a ( quasi- )Banach lattice X is said to be order-continuous if 
and only if every order-bounded increasing sequence is norm convergent (see [34] 
p. 7). A quasi-Banach lattice which does not contain a copy of cq is automatically 
order-continuous but the converse is false. An atom in a Banach lattice is a positive 
element a so that < x < a implies that x = aa for some < a < 1. A Banach 
lattice is nonatomic if it contains no atoms. The reader is referred to Lindenstrauss- 
Tzafriri [34] or Meyer-Nieberg [36] as a general reference for Banach lattices. 

We will in general use the same notation as in [27]. Let Obea Polish space (i.e. 
a separable complete metric space) and let fi be a a— finite Borel measure on fi. 
We refer to the pair (fi, fx) as a Polish measure space; if \i is a probability measure 
then we say (fi, y) is a Polish probability space. If E is a Borel set then xe de- 
notes its indicator function. We denote by L (/i) the space of all Borel measurable 
functions on fi, where we identify functions differing only on a set of measure zero; 
the natural topology of L is convergence in measure on sets of finite measure. If 
< p < 1, an admissible p-norm is then a lower-semi-continuous map / — > \\f\\ 
from Lq{h) to [0, oo] such that: 

(a) \\af\\ = \a\ \\f\\ whenever a G R, / G L . 

(b) \\f + g\\* <||/r+||^r,for f,gEL . 

(c) ll/H < whenever |/| < \g\ a.e. (almost everywhere). 

(d) ll/H < oo for a dense set of / G L , 

(e) ll/H = if and only if / = a.e. 
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If p = 1, we call || || an admissible norm; an admissible quasinorm is an admissible 
p-norm for some < p < 1. 

A quasi-Kothe function space on (fi, /j) is defined to be a dense order-ideal X 
in Lq(h) with an associated admissible quasinorm || ||x such that if X max = {/ : 
||/||x < oo} then either: 

(1) X = X max (X is maximal) or: 

(2) X is the closure of the simple functions in X max (X is minimal). 

If || || x is a norm then X is called a Kothe function space. Notice that according 
to our description we consider || \\x to be well-defined on Lq. Any order-continuous 
Kothe function space is minimal. Also any Kothe function space which does not 
contain a copy of cq is both maximal and minimal. 

Given any Kothe function space X and < p < oo we define X p to be the quasi- 
Kothe space of all / such that |/| p G X with the associated admissible quasinorm 
= Ill/Mix • It * s readily verified that || \\x p is an admissible p-norm when 
< p < 1 and an admissible norm when p > 1. We will primarily use the case 
p = 1/2 in this paper. We will also use the subscript + to denote the positive cone 
in a variety of situations, e.g. X + = {f : f G X, f > 0}. 

If X is an order-continuous Kothe function space then X* can be identified with 
the Kothe function space of all / such that: 

\\f\\x* = sup / \fg\dn < oo. 
\\g\\x<iJ 

X* is always maximal. 

If fi is a probability measure then we say following [21], that a Kothe function 
space X is good if clcii and further for / G L , ||/||i < ||/||x < 211/Hoq. It 
is well-known that any separable order-continuous Banach lattice can be represented 
as (i.e. is isometrically lattice-isomorphic to) a good Kothe function space on some 
Polish probability space (O, fx) (see [21] and [34]). 

In the case when X is nonatomic we can require that O = [0, 1] and \x = A is 
Lebesgue measure. Alternatively we can take O = A = { — 1, +1} N to be the Cantor 
group and take fi to be normalized Haar measure on A which we again denote by 
A. We will use this second representation freely and now take the opportunity to 
introduce some notation from [27]. 

Thus for efc = ±1, we denote by A(ei,... ,e n ) the clopen subset of A of all 
{dj)"jLi such that dj = ej for 1 < j < n. For each n let A n denote the collection of 
A(ei, . . . , e n ). Let CS n denote the linear span of {xe '■ E G An}. We also define 
the Haar functions h E = Xa(c u ... ,e„,+i) - XA( eil ... ,e n ,-i) for E = A(e u ... ,e n ). 

A Kothe function space (or, more generally a quasi-Kothe function space) X is 
said to be p— convex (where < p < oo) if there is a constant C such that for any 
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/i,...,/ n elwe have 

n n 

nEi^i p ) 1/p ^^ c 'Eii^iix) 1/p - 

i=l i=l 

X is said to have an upper p-estimate if for some C and any disjoint /i, . . . , / n £ -X", 

n n 
i=l i=l 

X is said to be g— concave (0 < q < oo) if for some c > and any fi, . . . , f n e X 
we have 

n n 

ii(Ei^) 1/g ii^<D^i*) 1/9 - 

X is said to have a lower g-estimate if for some c > and any disjoint /i, . . . , / n G 

n n 

iiE/'ii'^ c (Eii/*ii^) 1/fl - 

i=l i=l 

Notice that a quasi-Kothe function space which satisfies a lower g-estimate is auto- 
matically both maximal and minimal since it cannot contain a copy of cq. A Kothe 
function space must, of course, be 1-convex. A quasi-Kothe function space must 
satisfy an upper p-estimate for some p > but need not be p-convex for any p > 0; 
however, if X satisfies a lower g-estimate for some g < oo then it is p-convex for 
some p > 0. This result is proved in [24] (Theorems 4.1 and 2.2) and a simpler proof 
is presented in [30] Theorem 3.2. A quasi-Kothe function space which is s-convex 
for some s > and satisfies an upper r-estimate is p-convex for every < p < r 
(see [24]). 

A ( quasi- )Banach lattice X is p-convex, satisfies an upper p-estimate, is g-concave 
or satisfies a lower g-estimate according as any concrete representation of X as a 
Kothe function space has the same property. We shall say that X is strictly p- 
convex if it is r— convex for some r > p and strictly q-concave if it is s-concave for 
some s < q. 

A Banach space X is said to be of (Rademacher) type p (1 < p < 2) if there is 
a constant C so that for any xi, . . . ,x n G X, 

n n 

AyeJI J>^|| <C(EIM P ) 1/P 
i=i i=i 

and X is of cotype q (2 < q < oo) if for some c > and any xi, . . . , x n G X we 
have 

n n 

AyeJI J>^H >c{Y J hi\\ q ) 1/q - 



We recall that a ( quasi- )Banach lattice has nontrivial cotype (i.e. has cotype q < oo 
for some q) if and only if it has nontrivial concavity (i.e. is q— concave for some 
q < oo). If X is a Banach lattice which has nontrivial concavity then there is a 
constant C = C(X) so that for any xi, . . . , x n G X we have 

±( Ave ||X>^H 2 ) 1/2 < ||(X>| 2 ) 1/2 |U < C{ Ave || f>* fc || 2 ) 1/2 - 
6 £fe=±1 fc =i fc =i £fe=±1 fc =i 

In fact we will need the same conclusion for quasi-Banach lattices; as far as we 
know this has never been explicitly stated although it is probably well-known. We 
therefore state it formally as a Proposition. 

Proposition 2.1. Let X be a quasi-Banach lattice with nontrivial concavity (equiv- 
alently nontrivial cotype). Then there is a constant C = C(X) so that for any 
x\, . . . , x n G X we have 

1 n n n 

U Ave || X>^ll 2 ) 1/2 < IKE M 2 ) 1/2 IU < C( Ave \\^ k x k \\^'\ 

U efc=±l f — ' f — ' efc=±l f — ' 



Proof. We have that X is g-concave for some q < oo. As remarked above it is also 
p-convex for some p > 0. It is now easy to adapt the standard argument based on 
Khintchine's inequality as in [34] Theorem l.d.6, p. 49 .■ 

Remark. In fact we will only apply this Proposition in situations when the p- 
convexity of X for some p > is automatic (i.e. X is the concavification of some 
Kothe function space). 

Let us now turn to rearrangement-invariant spaces (cf. [21], [34]). For any / G 
Lq(Q, fi) we define its decreasing rearrangement /* G Lq[0, /i(O)) by f*(t) = inf{x : 
//(|/| > x) < t}. Now let X be a quasi-Kothe function space on either [0, oo) or 
[0, 1] with Lebesgue measure. We say that X is a quasi-Banach rearrangement- 
invariant (r.i.) space if ||/||x = ||/*||x for all / G Lq, and if ||x[o,i]||x = 1- We use 
the term r.i. space for a Banach r.i. space. If X is a quasi-Banach r.i. space on 
[0, oo) (respectively, [0, 1]) and (O, fx) is a Polish measure space (respectively, with 
ju(fi) < 1,) then we define X(£l, ji) to be the set of / G L Q {ji) such that /* G X 
with \\f\\x = ||/*||x- For example, it will be of some advantage to consider X(A 7 A) 
in place of X[0, 1]. Let us remark that if X is a quasi-Banach r.i. space on [0, 1] 
then it is always possible to write X = Y[0, 1] where Y is some quasi-Banach r.i. 
space on [0, oo). We will only be interested in separable (or order-continuous) r.i. 
spaces, which are necessarily minimal. 
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On any quasi-Banach r.i. space X on [0, oo) (resp. [0, 1]) we define the dilation 
operators D s for < s < oo by 



D.f(t) = fit/s) 



for all t (resp. whenever < t < min(l,s) and D s f(t) = otherwise). The Boyd 
indices px and qx are defined by 



In general < px < Qx < °o; if X is a Banach r.i. space (i.e. is 1-convex) then 
1 < Px - If X is an order-continuous Banach r.i. space, then X has an unconditional 
basis if and only if 1 < px < qx < oo; in this case the Haar basis of X is an 
unconditional basis (see [34] p. 157-161). 

Recall that if / G L (Q, /i) then f**(t) = \ f*f*(s)ds, for t > 0. We say that 
a quasi-Banach r.i. space X on [0, 1] or [0, oo) has property (d) if there exists C 
so that if / G X and g e L satisfy g** < /** then g E X with ||#||x < C||/||x- 
It is well-known that every Banach r.i. space satisfies property (d) (cf. [34] p. 125) 
with C = 1. However there are non-locally convex examples; any quasi-Banach 
r.i. space X with px > 1 satisfies property (d) (see [26]). A quasi-Banach r.i. 
space with property (d) is an interpolation space for the pair (L^L^); this is 
a mild generalization of the classical Calderon-Mityagin theorem ([4], [35]) which 
follows from considerations of the K-functional (see, for example Bennett-Sharpley 
[2], Chapters 3 and 5; this treats only the normed case, but the modifications are 
trivial) . 

We also recall a definition from [29]. If X is an r.i. space on [0, oo) (resp. [0, 1]) we 
define Ex to be the closed subspace of X spanned by the functions e n = X[2 n ,2 n + 1 ) 
for n G Z (resp. n G Z_ = {n : n < 0}). If X is separable then (e n ) forms an 
unconditional basis for Ex and Ex can be regarded as a sequence space modelled 
on J = Z or Z_. We shall say that X is of Orlicz-Lorentz type if Ex is naturally 
isomorphic to a modular sequence space, i.e. there exist Orlicz functions (F n ) nE j 
so that Ex = l(F n )(J) (see [33] pp. 168ff). This is a convenient definition to specify 
a class of spaces X which includes the standard Orlicz spaces and Lorentz spaces, 
and a variety of "mixed" spaces. 

To illustrate these ideas consider the following method of defining an r.i. space 
on [0, oo). Let Y be a Kothe function space on [0, oo) with the property that the 
dilation operators D t : Y — > Y are all bounded. Then we can define py, qy as in 



px = lim 



q x = lim 
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the rearrangement-invariant case. Assume that 1 < py < Qy < oo. Now let Y be 
the space defined by / G Y if and only if /* G Y and define ||/||y = The 
inequality (/ + g)* < 2D 2 f* + 2D 2 g* shows that || \\ Y is a quasinorm and that Y 
is an order-ideal. In fact, we also have: 

Proposition 2.2. There exists a constant C so that if f G Lq then 

\\f\\ Y <\\"£r( 2n ) e n\\Y<C\\f\\ Y . 
nEZ 

Proof. (Due to S. Montgomery-Smith). Clearly /* < J2 n ez /**(2 n )e n - However 
r * (2 n) < ^~ 1 2- fc /*(2»- fc ). Hence £ n6Z /**(2 n )e n < E^i 2 "^^/*- But 
now since > 1 it follows that £fcli 2~ k \\D 2 k+\ \\y < oo and the result follows.! 

The proof above only uses the hypothesis that py > 1, and not that qy < oo. 
Proposition 2.2 shows that Y is a Banach r.i. space by providing an equivalent 
norm. It is now immediate that py < p Y . We next show that E Y coincides with 
Ey. This implies that if Y is an Orlicz-Musielak space or generalized Orlicz space 
(cf. [37]) then the associated r.i. space Y is of Orlicz-Lorentz type as defined 
above. In particular, if we take Y to be a weighted L p — space (with, of course the 
conditions 1 < py < qy < oo) we obtain the usual Lorentz spaces as examples of 
spaces of Orlicz-Lorentz type. 

Proposition 2.3. We have E Y = Ey (and the norms are equivalent). 

Proof. In fact suppose / = J2 neZ «nC n where a n > is finitely nonzero. Let 
g = Yl^o Dz-nf. The assumption qy < oo and the fact that q Y < qy is sufficient 
to establish that \\g\\y < C||/||y and ||<7||y < CH/Hy for a suitable constant C. 
Note that ||<?||y = ||<7||y since g is decreasing. The result follows immediately.H 

3. Remarks on sublattices 

In this section, we collect together some elementary remarks on the structure of 
sublattices of r.i. spaces. 

Lemma 3.1. Suppose X is a quasi-Kothe function space on (Q, fx) and that Y 
is a quasi-Banach r.i. space on [0, oo). Suppose I = [0,1] or [0, oo) and that U : 
X — > Y(I) is a lattice homomorphism. Then there is a lattice homomorphism 
V : X — > Y(Q x [0, oo)) so that for any x G X and a > we have 

^\{U\x\ > 2a) < (/J, x A)(V|x| > a) < X(U\x\ > a), 
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and such that V can be represented as Vx(u,t) = a(u>,t)x(u>) where a is a nonneg- 
ative Borel function onOx [0, oo) of the form 



a(^t) = J2 2m(k,Uj)e k(t) 
kez 

with m:ZxO^ZU — oo is a Borel map with k — > m(k, u>) decreasing for each u>. 
Furthermore if I = [0, 1] then a is supported on a set of measure one in the product 
space. 

Proof. It will suffice to consider the case when X contains L^. We suppose the 
existence of a lattice embedding Ux = bxoa where b is a nonnegative Borel function 
and a : I — > O is a Borel map. First pick b' with ^b < b' < b so that b' = 
Enez 2 n XE n where E n are disjoint Borel sets. Let U'x = b'x o a. 

Now for each n define the measure v n {B) = X(Uk> n Ek^o'~ 1 B). Since U'xo. £ Y 
it is clear that each v n is a finite measure. Furthermore, if \xB = then U xb = 
a.e. and hence v n {B) = 0. Hence we can find nonnegative Borel functions w n on O 
so that v n {B) = J B w n dfjL, and we may suppose that w n (u>) is decreasing for each 
fixed u>. Notice that f Q w n d/i = v n (Q) < A(I), so that if / = [0, 1] then J Q w n d(i < 1 
for all n, 

For any fixed n G Z, we define A n = {(u,t) : t < w n (uj)} and let a' = 
Enez 2 n (XA„ ~XA n+1 ). Define V : X - Y (O x (0, oo)) by K'x(a;, t) = a>, t)x(t). 
Finally define a a Borel function on Ox (0, oo) by setting a(oj, t) = 2 m if a'(u, 2 k+1 ) =| 
2 m where 2 k < t < 2 k+1 and k,meZ. We set a(w, t) = if a'(w, 2 k+1 ) = 0. Notice 
that (px\){a > 0} < (/ixA){a' > 0} < 1 if I = [0, 1]. Define Vx(u, t) = a(oj,t)x(t). 

Now suppose i>0,i£l. Then < Vx < V'x. Furthermore for fixed u, 

\{t : V'x(oj,t) > a} < 2\{t : Vx(u,t) > a} 

so that 

{ji x \){Vx > a) > -(p x X)(V'x > a). 
Now again for fixed a, let F n = {2 n x < a < 2 n+1 x}. We note that 



^x\)(V'x>a) = J2 [ 



w n d/i 

nEZ 

= J2H[jE k na- 1 F n ) 



neZ k>n 

= \{U'x > a). 
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Hence 

-X(U'x > a) < (ft x X)(Vx > a) < X(U'x > a). 

Since \Ux < U'x <Ux the result follows.! 

We next state the immediate conclusion for lattice embeddings. 

Proposition 3.2. Let X be a quasi-Kothe function space on (fi, y). Suppose Y is 
a quasi-Banach r.i. space on [0, oo), and suppose that X is lattice-is omorphic to 
a sublattice ofY(I), where I = [0,1] or [0, oo). Then there is a lattice embedding 
V : X — > Y(Q x [0, oo)) of the form Vx(u>, t) = a(u>, t)x{ui) where a is a nonnegative 
Borel function onVtx [0, oo) of the form: 

a{u,t) = Y,V n{Kuj) e k {t) 
kez 

where m:Zx(]^ZU {— oo} is a Borel map such that k — > m(k, ui) is decreasing 
for each ui. Furthermore if I = [0, 1] then a is supported on a set of finite measure. 

If Y is an r.i. space on I=[0, 1] or [0, oo) and / G Y+ \ {0} then we define Yf 
to be the r.i. space on / defined by y e Yf if and only if y <S> f G Y(I x I) where 
y ® f(s,t) = y(s)f(t). The norm on Yf is given by \\y\\v f = \\y <8> f\W- Notice that 
since / dominates a function of the form axE where a > and X(E) > there 
exists a constant C depending on / so that ||y||y < CHyHyy. 

Proposition 3.3. Suppose Y is an order- continuous quasi-Banach r.i. space on 
[0, oo) and that X is an order- continuous quasi-Banach r.i. space on [0,1]. Let 
U : X — > Y be a lattice homomorphism and let Ux[o,i] = / 7^ 0. Then: 

(1) There exists C so that if x G X then \\x\\Y f < C||x||x- 

(2) If U is a lattice embedding then X = Y/[0, 1]. 

Remark. If (7 is a lattice embedding of X into Y[0, 1] then the above proposition 
gives X = Y f [0, 1] where / G Y[0, 1]. 

Proof. We use Lemma 3.1 to construct the lattice homomorphism V : X — > 
y([0, 1] x [0, oo)). Notice that if g G Y[0, oo) has the same distribution as Vx[o,i] 
then Yf[0, 1] = Y g [0, 1] with equivalent norms. 

Let u be any nonnegative simple function on [0, 1] of the form u = Y^=i a jXBj 
where {Si, . . . , B n } is a Borel partition of [0, 1]. For any iV let 

a N (s,t)= E ^ m{Ks) e k {t) 

\k\<N \m(k,s)\<N 

and let = a — ajv- We can partition g = g^ + where g^ has the same 
distribution as and has the same distribution as b^. 

ll 



Now a N = Y.\k\<NT / \i\<N 2l XA kl (s)e k (t) where (A kl ) ktl are Borel subsets of 
[0, 1]. We can therefore use Liapunoff's theorem to find Borel sets B[, . . . , B' n so 
that \(B'j) = X(Bj) for all j and \(B' 3 n A kl ) = \(Bj)\(A kl ) whenever 1 < j < n 
and — N < k,l < N. Let u' = YTj=i OL jXB' j - Then ajv(s, t)u'{t) has the same 
distribution as u <8> g^. Hence 

\\u ® gN\\v < \\Vu'\\ Y < \\u <g> g N \\v + |M|oo||x[o,i] ® ^Jv||y- 

For case (1) we let iV — > oo and deduce that ||m||y < \\U\\ 
For case (2) we observe that, since Y is order-continuous, 

Jim ||x[o,i] ® ^a^II^ = °- 

Since V is an embedding there exists c > so that we have a lower-estimate 
1 1 Via' 1 1 y > c||u||x- Hence \\u\\x < c_1 ||' u l|y 3 - 

If X lattice embeds into Y[0, 1] then a has support of measure at most one and 
hence so has / so that we can assume that / G Y[0, 1]. ■ 

Corollary 3.4. Suppose Y is an order- continuous quasi-Banach r.i. space on 
[0, oo) and that X is an order- continuous quasi-Banach r.i. space on [0,1]. Let 
U : X — > Y be a lattice homomorphism. IfU^O then there is a constant C so that 
\\x\\y < C\\x\\ x forxe X[0,1}. 

Proof. This follows from (1) of the preceding proposition combined with the re- 
marks before it.m 

Remark. This Corollary is well-known (see Abramovich [1] and remarks in the 
introduction to [27]). 

For our final result of this section, we will need the following factorization theo- 
rem, which is essentially due to Krivine [31] ([34]); we will, however, prove the form 
of the theorem required here. 

Proposition 3.5. Suppose < p < oo. Suppose Y is an p-concave quasi-Kothe 
function space on (O, y) and suppose that either (a) P : L p (A, A) — > Y is a lattice 
homomorphism or (b) p > 1 and P : L p (A, A) — > Y is a positive operator. Then 
there is a Borel function w G £o(a0 with w > a. e. so that 

11/ Ik < ILHIp 

for f G Lo(n) and 

Mp/)IIp<I|p||||/I| p 
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forfeL p (A). 

Proof. We can suppose 0. We require the following property of P which is valid 
in cases (a) or (b): if A, ...,/„> in L p then P((£?=i fl) 1/p ) > (Y,?=i(Pfi) P ) 1/p 
(see [34] p. 55). Let u be any strictly positive function in Y. Now consider the 
subsets E and F of defined by E ={/:/> 0, > ||P||} and 

F = {/ : 3 < x £ L p , \\x\\ p < 1, u p f < (Px) p }. 

It is clear that E is convex. We argue that co F does not meet E. Indeed suppose 
/i, . . . , f n £ F and c\, . . . , c n > with X)?=i c i = 1- Suppose u p fj < (Pxj) p where 
> and \\xjWp < 1. Then u p (£?=i Cj/j) < £!? =1 c J -(Pa; i ) p < (^2/) p where 



2/ = (X)?=i cjx^) 1 ^ so that ||j/||p < 1 (see [34] Proposition l.d.9). Since F includes 
the negative cone it has non-empty interior. Now, by the Hahn-Banach theorem, 
there exists $ £ so that <&(/ - g) > if / £ E and g £ F. Clearly $ > 0, and 
$(/) > if / > and / 7^ 0; hence since P is not zero we have inf 3 <= e &(g) > 0. By 
normalizing we can suppose mf gE E &(g) = 1- Let us write $(/) = j f(f)dfx + $o(/) 
where 4> £ £i(/u), and $0 is singular with respect to fj,. If / £ E we may find 
< f n T / a - e - so that $(/ n ) T / f(f>dfj,. However by order continuity f n £ E for 
large enough n and so J f(j)djji > 1 for f E E. 

Now it is clear that if y £ Y+ with = 1. Then for e > we have that (||P|| + 
e )p y p u - p £ E and so \\yu~ 1 (p 1/p \\ p > \\P\l~ 1 . Thus if y £ Y then ||y|| y < ||yw|| p 
where w = WP^^u' 1 . If / £ L P (A, A) with ||/|| p = 1 then (P(|/|))p U -p £ F and 
so 

'(Pd/I))^-^^!, 



/< 



so that ||tuP(|/|)||p < ||P|| which implies the theorem. ■ 

Theorem 3.6. Suppose < p < 00 and Y is a p-concave quasi-Banach r.i. space 
on [0, 1] or [0, 00) . Suppose L p is lattice-is oraorphic to a sublattice of Y. Then 
Y[0, 1} = L P [0, 1]. 

Proof. It suffices to consider the case when Y = Y[0, 00). By Proposition 3.3 there 
exists / £ Y so that Y/[0, 1] = L p [0, 1]. Thus there is a lattice embedding V : L p — > 
F([0, 1] x [0, 00)) of the form x — > x <g> /. We assume ||x|| p < ||x ® < C||x|| p . 
Applying Proposition 3.5, there is a nonnegative weight function w on [0, 1] x [0, 00) 
so that WvWy < || yw \\ p for y EY and ||x|| p < ||x <S> f\\y < II^C^ ® /) Hp < C|MIp f° r 
x £ 

Now let v(t) = (Jq w(s,t) p ds) 1 / p . It follows from a symmetrization argument 
that if y £ Y then 

i/p 

|y|h C ( / / v(t) p \y(»J)\»d.sdt* 
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and that 

I* oo 

/ f(t) p v(t) p dt < C p . 
Jo 

Let u be the increasing rearrangement of v so that u(t) = mi\(E)=t sw P s eE v ( s )- 
Then if as usual y* is the decreasing rearrangement of \y\, the first equation yields 
that if y e Y[0, oo) then 

/•OO 

\\y\\Y<( y*{tyu{tydtY' p . 

Jo 

In particular for < s < 1, 

p OO 

s<\\D s r\\ p v< / r(t/s) p U (t) p dt. 

Jo 

This in turn implies that 

/•OO 

/ f*(t) p u(st) p dt > 1. 

Now J °° f*(t) p u(t) p dt < C p . Letting s -> we obtain from the Dominated Con- 
vergence Theorem that lim f ^ ^(*) = c > and J °° f(t) p dt < C p c~ p . 

Pick < r < oo so that ||/*X[t,oo)||f < 1/2- It follows from p-concavity that 

\\D s (r X [T,oo))\\Y<s 1/p /2- 

On the other hand ||D fl /*||y = \\X[o,s] ® f\W > s 1 ^. Hence ||D a (/*X[o,r])||y > 
s 1 /p/2. From this and p-concavity we also obtain easily that 

i r ST i 

(- / rit/sydt^Wx^Wyy-s^. 

sr Jo z 
Hence 1 1 X [o,t] II v > c\t x l p when < t < 1 for a suitable constant ci. This in turn 
implies, by p-concavity, that if y e F[0, 1] then ||y||y > ci||y|| p and this is enough 
to show that Y[0, 1] = L p [0, 1]. ■ 

4. CONE-EMBEDDINGS 

Let X and Y - be quasi-Banach lattices. We will say that a positive operator 
L : X — > Y" is a cone- embedding if L satisfies a lower bound for positive elements, 
i.e. there exists 5 > so that ||£x||y > 5||x||x for x > 0. We will say that L 
is a strong cone- embedding if it additionally satisfies the condition that for some 
C > and every xi, . . . , x n > we have || maxi<fc< n Xk\\x < C|| maxi<fc< n Lxu\\y- 
This is trivially equivalent to requiring the same inequality for xi, . . . ,x n mutually 
disjoint. 

Our first results demonstrate conditions under which every cone-embedding is a 
strong cone-embedding. 
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Lemma 4.1. Suppose s, 5 > 0, and 1 < p,q < oo. T/ien i/iere is a constant C = 
C{s,p,q,5) so that if X is a p- convex Kothe function space, Y is an s-convex, q- 
concave quasi-Kothe function space (where each constant of convexity and concavity 
is one) and if L : X — > Y is a cone- embedding satisfying 5\\x\\x < ||^||y < \\ x \\x 
for x > then if xi, . . . , x n > are disjoint, 

n 

II / x j\\x < C\\ max Lxj||y. 

Proo/. We pick m = m(p, 5) so that 2 m ^- 1 / p ^5 > 2. 

First notice that if disjoint, 

i/p 



n 



Thus by p-convexity 



j=li=l / J=l 



1/p 



2 Mi-i/ P )||^ Xj || x < Ave Jl^n^ + ^Hx 
Now it follows that 

i//' 

2 -(i-i/ P )|| < s -i j a :|i I) ^ J](i + ^O^illv % 

J = l \* 3 j=li=l 

1/p 

lC[m] \ 13 3 = 1 iel 

(n i 
||^Lx J || K + C 1 (2--l)||(^|La ;j | 2 ) 1 /2|| y |, 
3=1 3=1 

where C\ = Ci(q, s), using Theorem l.d.6 of [34]. 

Reorganizing we have, since 2 m ( 1-1 / p )<5 — 1 > 1, and ||L|| < 1, 

n n 
S-'WJ^XjWx K^W^Lx^Wy 
3=1 3=1 



n 



< Ci2 m || V L^lly 72 !! max Lx,\ 
and this in turn implies, since Y is s-convex for some s > 0, 



1/2 

y 



V^jlU <C?2 m 5 2 || max LxA\ Y . 



Let us give a simple application. 
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Theorem 4.2. Suppose Y is an r-convex Banach lattice where r > 2 which is 
q-concave for some q < oo. Suppose that X is a p-convex Banach lattice, where 
p > 2, which is isomorphic to a subspace ofY. Then X is r-convex. 

Remarks. This result is well-known for 1 < r < 2 (cf. [34], p. 51). The hypothesis 
on X is equivalent to the statement that is not lattice finitely representable in X 
(note that X must be of type 2, and apply Lemma 2.4 of [21]). In [21] there are two 
results closely related to Theorem 4.2. Theorem 2.3 of [21] is the analogous result 
for upper r-estimates in place of r-convexity, while Theorem 2.6 (or Proposition 
2.e.l0 of [34]) implies the above theorem for the special case when X is an r.i. 
space on [0, 1]. In this latter case one can replace the hypothesis that X is strictly 
2-convex by the weaker hypothesis that I^L 2 [0, 1] . 

Proof. It suffices to consider the case when the r-convexity, (/-concavity constants 
of Y are both one and the p-convexity constant of X is one. We may also suppose 
that X and Y are Kothe function spaces. We will suppose that there is a bounded 
linear operator S : X — > Y with < ll^llv < ll^llx- It will also suffice to 

prove the result when X is finite-dimensional, i.e. O = {1, 2, . . . , n} and thus has a 
1-unconditional basis (ejfc)^ =1 consisting of atoms, provided we establish a uniform 
bound on the r-convexity constant M r (X) in terms of (p, q,r, 5). 

To this end we define a map L : X 1 / 2 — > Yi/2 by Le k = (Se^l 2 . It follows from 
Krivine's theorem that if x = Y^l=i £ fcefc — ^ then 



n 



Lx\\y 1/2 = 



ll£>l 5e *l 2 ) 1/2 



n 



2 II 2 



k=l 



< K%\\x\\ Xl 



Also since Y is (/-concave, there exists C = C (q) so that 



n 



Lx\\y 1/2 > Ave \\J2^l /2 Se k \\ Y ) 2 

>c - 2 5- 2 ||x|U 1/2 . 



Now by Lemma 4.1 applied to K^ 2 L, using the fact that X x / 2 is p/2-convex and 
Y1/2 is r/2— convex and q/2— concave we obtain the existence of C\ = Ci(p, q, r, S) 
so that for x = YX=i > 0, 



x\\x 1/2 <C!\\ max ^^11^ 

' Kk<n 
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which in turn implies that if x e X, with x = 6c e fc7 



IMU<C2|| max |£fc||-Se fc |||y 

l<fc<n 

where C\ = C\. Now suppose x\, . . . , x m G X with Xj = X)fc=i ijke-k- Then 

m m 

||(£ |^r) 1/r Hx < C 2 \\ max |^r) 1/r |^ fc ||| y 
j=i i=i 

n m 

<^ii(EEi^*ri 5e *r) 1/r iiy 
fe=i j=i 

m n 

= C2\\&&\Zik\ r \Se k n) 1/r h 

3=1 k=l 

m n 

<^(Eii(Ei^ri^ e *r) 1/r iiy) 1/r 

3=1 k=l 
m n 

<c 2 (Eii(Ei^i 2 i 5e *i 2 ) 1/2 iiy) 1/r 

3=1 k=l 

m n 

<^ 2 (Eii(Ei^i 2 i^i 2 ) 1/2 ii^) 1/r 

3=1 k=l 

m 

<K G C 2 (J2\\^\\x) 1/r - 

3=1 

This completes the proofs 

We now give a second criterion for a cone-embedding to be a strong cone- 
embedding. 

Lemma 4.3. Suppose < g, s < oo and £/ia£ X zs an s-convex quasi-Banach r.i. 
space on [0, 1] or [0, oo) with px > 1- Suppose Y is an s-convex q-concave quasi- 
Kothe function space and L : X — > Y - is a cone- embedding. Then there is a constant 
C so that if x\, . . . , x n > are disjoint, 



z — * l<3<n 
3=1 



Proof. We suppose that ||L|| < 1 and that 6 > is such that if x > then 
<5|Mlx < II-^Hy < IMIx- We may also suppose that for some p > 1 and some 
constant C we have IIAIU < C t 1/p for t > 1. 
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We select first an integer m so that 2 m ^" 1 ) > 2P +1 C£<r p . Let 9 = 2~ m . 

Now suppose x\, . . . , x n > are given; it will suffice to consider the case when 
each Xi is a countably simple function (i.e. takes only a countable set of values) 
and || *YTi=\ x i\x = 1- Suppose N is an integer with N > 4(2 m n). Then for each 
1 < i < n we can write Xi = Yl!j=i x ij as a disjoint sum where x*j = D^j^x*. 

Let €ijk = ±1 be a choice of signs for 1 < i < n, 1 < j < N and 1 < k < m and 
denote by e the array (e^fc). We define 

n N m 

i=i j=i k=i 

Let £i(e) be the number of j such that e^-*: = 1 for 1 < k < m. As functions 
on the natural finite probability space of all choices of signs e, the functions & for 
1 < i < n are independent and identically distributed with binomial distributions 
corresponding to a sample size and probability for an individual trial of 9. They 
each have mean a = N9 and variance A6>(1 — 9) < a. Notice that by choice of N 
we have a > 4n 

We thus have 

n 

Ave max |£ 4 — a\ 2 < > Ave |£j — a| 2 < na. 

i=l 

Let C(e) = mini^^^^^e). Then 

Ave | ck — CI 2 < na 

and so 

AveC > a - (na) 1/2 > -a. 

e 2 

We next turn to estimating Ave ||«(e)||^-. In fact we have that for each e, 

n 

\\J2 x i\\x<2- m \\D N/c u(e)\\ x . 
i=i 

Thus we have an estimate that 

l<C Q 9N 1/p az)- 1/p \W)\\x. 
Reorganizing and averaging gives 

Ave ||u(e)||^ > C~ p 9- p N- 1 AveC > \Co P 9 1 ~ p . 
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The original choice of m now gives the estimate 



Ave||u(e)|ft > 2 P 5~ P 

which implies 

(Ave||LKe))||^) 1/P >2. 

We now proceed as in Lemma 4.1, expanding out and concluding that for some 
constant C\ depending only on Y, 

1/ nN n N 

(Ave||L(«(6))||^) P < ||^^Lx lJ || y + 2-C 1 ||(^^|La: lJ | 2 ) 1 /2|| y . 

i=i j=i i=i j=i 

Since || Ym=i SjLi ^ x ij \W < 1 we can conclude that 

n N 

\\(J2J2\L Xij \Y /2 \\Y>c^e. 

i=l j=l 

Again this implies that 

j| max Lxi||y > || max. Lxij\\Y >C X 9 

l<i<n i,j 

The result now follows .■ 

Proposition 4.4. Let X be an order- continuous Kothe function space on (A, A), 
which contains L^. Let Y be a quasi-Kothe function space on (Q, //) which is s- 
convex for some s > and q-concave for some q < oo. Suppose L : X — > Y is a 
strong cone- embedding. Then, for n > 1, there exist Borel maps a n : O — > [0, oo) 
and a n : O — > A so that a± > ai > ■ ■ ■ > and cr m (u;) 7^ o~ n (u;) if m 7^ n, and /or 
some C > we have for any x G X with x > 0, 

00 

C _1 IMIx < || maxo n s o cr n ||y < || > a n x o cr n ||y<C||ir||x- 

n=l 

Proof. We use the random measure representation of positive operators (see [25] , [41] , [42] ) .| 
There exists a Borel map u; — > from O to A4(A), endowed with the weak* topol- 
ogy, so that for any x G X we have 



Lx(u>) = J xfydi/u, [i — a.e. 
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Further we can write 

oo 
n=l 

where a n : O — > [0, oo) and a n : O — > A are Borel maps satisfying the assumptions 
above, and v' is a continuous measure. 

' CO 

Since L is a strong cone-embedding there exists a constant C so that ||L|| < C 
and whenever disjoint and positive in X then 

II J^IU < C|| max Lxjy. 

Now suppose x > 0. Then for each m, 

IklU < c \\ ma i x ^(^Xs)||y- 

For the definition of A m see Section 2. Now max£ e .4 m L(xxe) is monotone de- 
creasing to max n a n x o o n so that, by the order-continuity of Y, 

oo 

C^IMIx < || maxa n x o cr n ||y < || N a n x o cr n ||y < ||Lx||y < C||x||x-" 

ra=l 

Remark. Of course there is no special significance in modelling X on (A, A) here; 
we clearly have the same result for any Polish measure space (K, v). Note also that 
in the above argument the pointwise maximum max n a n x o a n exists /jl— a.e. for 

x e x. 

Proposition 4.5. Suppose Y is an order- continuous quasi-Banach r.i. space on 
[0, oo) with property (d). Suppose that either X is an order- continuous atomic 
quasi-Banach lattice or that X is an order- continuous quasi-Kothe function space 
on (A, A) and that L : X — > Y is a strong cone- embedding. Then X is lattice- 
isomorphic to a sublattice of Y. 

Proof. Let C be a constant greater than the property (d) constant of Y and the 
constant in the definition of the strong cone-embedding. Let us prove this first for 
the case when X is atomic. Then we regard X as a sequence space (a quasi-Kothe 
space modelled on N). Let (e n ) n6 N be the basis vectors and let u n = Le n . We 
define a map V : X — > Lq(N x [0, oo)) by Ve n = v n where v n (k, t) = if k ^ n and 
v n (n, t) = u n {t). If a\, . . . ,a n > then it is easy to see that 

n n 

k=i k=i 
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and so by property (d) we have that V is bounded and ||V|| < C||L||. However since 
L is a strong cone-embedding 

n n 

II y^a k e k \\ x < C\\ max a k u k \\ Y < C\\ Y]a k v k \\Y 

^ Kk<n ^ 

k=l ~ ~ k=l 

so that V is an isomorphism onto its range. 

The nonatomic case is similar. We can suppose that X is a quasi-Kothe function 
space on (A, A) containing and that L is of the form 

oo 

Lx = a n x o a n 

n=l 

where for some constant C\ we have 



oo 



Ci 1 \\ x \\x < || maxa„x o cr n ||y < II } a n x o a n \\y < Cill^llx- 



n=l 

Define V : X — > L (N x [0, oo)) by the formula Vx(n,t) = a n (t)x(a n (t)). Then if 
x > we have (Fx)** < (Lx)** so that V is bounded, while 

C-T^MIx < || maxa n x o cr n ||y < llVxIly, 

n 

so that F is also an isomorphism. ■ 

Proposition 4.6. Suppose Y is an order- continuous quasi-Banach r.i. space on 
[0, 1] with property (d). Suppose for some p > 1, Yi/ P /ms property (d). Suppose X 
is an order- continuous quasi-Kothe function space on [0, 1], and that L : X Y is 
a strong cone- embedding. Then there is a Borel subset E of [0, 1] with X(E) > so 
that X(E) is lattice-isomorphic to a sublattice ofY. 

Proof. We again may suppose that X is a quasi-Kothe function space containing 
Lqo. Note first that we must have Y 1 / p C L\ and hence Y G L p . We may extend 
Y to be a quasi-Banach r.i. space on [0, oo) in several different ways. Precisely we 
define W to be the space of / e L [0, oo) so that /*X[o,i] e ^ an d / £ Li[0, oo) 
with the associated quasi-norm ||/||w = max(||/*X[o,i] \\y, ||/||i)- We define Z to 
be the space of f £ L [0, oo) so that /*X[o,i] £ Y an d / £ L p [0, oo) with the 
associated quasi-norm ||/||z = m a x (||/*X[o,i] 11^' II/IIp)- Then both W and Z have 
property (d). Note that both W[0, 1] and Z[0, 1] coincide with Y - and hence L may 
be regarded as mapping into either W or Z. Note also that W C Z with continuous 
inclusion. 
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Appealing to the preceding Proposition, we can find a lattice embedding U : 
X — > W[0, oo) in such a way that for some constant C we have C _1 ||x||x < II^IU 
and \\Ux\\ w < C\\x\\ x for x > 0. 

It now follows by Lemma 3.1 and Proposition 3.2 that we can find a a nonnegative 
Borel function a on [0, 1] x [0, oo) with a(t, s)) decreasing in s for each fixed t so 
that the map Vx(t, s) = a(t, s)x(t) defines a lattice embedding of X into Zi([0, 1] x 
[0, oo)) and such that for some C\ we have Cj - 1 1 1 ^ 1 1 < and ||Vx||w < 

CilMIx for x > 0. 

Notice in particular that 



for r = 1 and r = p. We therefore can find constants 0<c<M<ooso that 
there is a Borel subset E of [0, 1] of positive measure such that if t G E then 
f™a(t,s)dt < M and J °° a(t, s) p > c p . If t G E then a(t,s) < Ms' 1 and so we 
also have a(t, s) p ds < M p sl~ p . 

Recall that Y 1 / p has property (d) and therefore Zi/ p also has property (d) and 
is an interpolation space between L\ and with some constant r y p > 1. Pick 
u > 1 so that cu 1_1 / p > 47M. We then modify F to form Vq : X — > Z by setting 
Vox = Vxx£;x[o,u]- We will show that Vq is a lattice embedding of X(E) into 



Let P be the positive operator defined on la([0, 1] x [0, 00)) and Loo([0, 1] x [0, 00)) 



It is easy to calculate that ||P#||oo < M p u~ p WgW^. Similarly \\Pg\\i < M p u 1 ~ p . It 
follows that \\P\\z 1/p < M p u 1 ~ p Y- 
It follows that if / e Z then 




1 



Z([0, 1] x [0,oo)). 



by 




ll( j P(l/l P )) 1/p IU<7M^- 1 ||/||z<-||/IU. 



Suppose in particular x G X(E) and x > 0. Let / = Vx. Then 




However for t G -E 




a(t, t;) p ^ > c p - M^tt 1 ^ > -c p > (c/2) p . 
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Hence 

\\Vx - V x\\ z < 2-fMup~ 1 c- 1 \\Vx\\ z < -\\Vx\\ z . 

It follows that Vo maps X(E) isomorphically into Z([0, 1] x [0, it]) which is lattice 
isomorphic to Y. ■ 

Corollary 4.7. Suppose Y is an order- continuous quasi-Banach r.i. space on [0, 1] 
with property (d). Suppose for some p > 1, Y\j v has property (d). Suppose X is an 
order- continuous quasi-Banach r.i. space on [0, 1], and that L : X — > Y is a strong 
cone- embedding. Then there exists / e Y+ \ {0} such that X = Yf. 

Proof. This follows from Proposition 3.3.H 



5. CONE-EMBEDDINGS OF R.I. SPACES 



Proposition 5.1. Suppose < s < q < oo and that X is an s-convex, q-concave 
quasi-Kothe function space on Suppose m > q is a natural number. Then 

there is a constant C = C(X) so that if x±, . . . ,x n G X + and b±, . . . , b n > then 

(Ave || V^^IDV-^Cmax [(Ave \\ max b n(i)Xi \\ m )^ m , -( V h) \\ V x,|| 1 
i.=i \ %=i i=i / IM 

Proof. This is a somewhat disguised form of the so-called Classification Formula 
(Theorem 2.1 of [21] or Theorem 2.e.5 of [34]). It can be derived from this formula; 
we indicate the direct proof. We assume that X has (/-concavity constant one. 
Then Z = L m (Ii n : X) has m-concavity constant one where II n is given its natural 
probability measure. Now there is a constant Cq depending only on m so that if 
fli ■ ■ ■ i fn £ Z + 

n I n n \ 

(£/o ra <0) E(II/*) + (E/')(E/*r- 2 ) • 

i=l y|A|=m iEA i=l i=l J 

Hence for C\ = Ci(s, m) 

n 

nE^iu<ci max (iisiiuis2ii) 

i=i 

where St = (E\A\=m(U ie A A)) 1/m and S 2 = (max/,) 1/m (E fi) 1 ' 1 ^- Now as Z 
is s-convex we can estimate: 

||5 2 ||<(||inax/ < ||) 1 / ra (||E/ill) 1 - 1/m 

< i|| m ax/ i || + (l--)||E/ill 
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It then follows that 



II y^JiW < max(m||5'i||, || max^H). 
Now let fi = bi£i where ^(7r) = x n ^y Then if n > 2m, we use m-concavity: 

||^|| = (Ave ||( II 6 ^)) 1/m || m ) 1/m 

|,4|=m ieA 

< II (Ave J2 II 6 ^)) 1/m |l 

\A\=mieA 

<(^^)""(E»<)iiE a! 'ii 

n - i=i i=i 

r. n n 
n i=l i=l 

The Proposition now follows easily.a 

Proposition 5.2. Let A, Y be order- continuous quasi-Banach r.i. spaces on [0, 1] . 
Suppose that py > 1, Y is q-concave for some q < oo and that there is a cone- 
embedding L : A — > Y . Then either X = Li[0, 1] or X is lattice-isomorphic to a 
sublattice ofY and so X = Yf for some f <EY + . 

Proof. For ease of notation we regard X as modelled on (A, A). 

Let us first note that the proof is trivial if we assume px > 1. Indeed in this 
case L is a strong cone-embedding (Lemma 4.3 ) and Y 1 / r has property (d) as long 
as 1 < r < p Y . So Corollary 4.7 applies. We therefore need only to prove that if 
X^Ii then p x > 1. 

Assume then X ^ L\. Note first that Y C L r if 1 < r < py. 

We can assume that, for some 5 > and every x G A, < II-^Hy < IMIx 

for x > 0. Let us consider the random measure representation of L i.e. 



Lx(s) = 




where s — > // s is a weak*-Borel map from [0, 1] to A4(A). We can as usual write 

oo 
n=l 

where a n : [0, 1] — > [0, oo) and a n : [0, 1] — > A are Borel maps and cr m (s) 7^ cr n (s) if 
m 7^ n, and za, is for each s nonatomic. 
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Since Y has nontrivial concavity there is a constant Co and an integer m so that 
if yi, y n G 1+ and &i, ...,&„> 0, 

(*) 

n / 1 n n 

(Ave ||^6^ )? /,||y) 1/m <Comax (Ave || max b^y^) 1 /™ , -(5>)||X>i|h 

i=l \ i=l i=l 

Let us introduce the functional on X defined by 

T(x) = sup{ || maxa„M o a n \\Y '■ u* = x*}. 

n 

Consider a nonnegative simple function x G CS no (A). For each n > n we can 
write x = Y.EeA n £eXe- For each permutation tt of A n let x n = Y.EeA n ^(e)Xe- 
Let y E = Lxe e ^ 

We also define for each n, and each s G [0, 1] r n (s) to be the least integer r so 
that (cj(s))J" =1 belong to distinct members of A n . Note that lim^^oo r n (s) = oo for 
all s. 

Note that 

max C7r(E)yE(s) < max o cr fc + ||x||oo I a fc (s) + max v s (E) , 

££Ai KKr„ \ ' £6^„ / 

\fc>r„ / 



so that 



|| max ^■ k ^e)He || y < r(x) + ?7n|M|oo 
where lim^^oo ?? n = 0. Now appealing to (*) gives that 

&\\x\\x < C max(r(x), ||x||i||Lxa||y) + c oVn\\x\\oo 

which gives us 

(**) S\\x\\ x < C max(r(x), ||x||i||Lxa||y). 

First suppose a\ vanishes a.e. so that T(x) = for all x > 0. Then 

\\x\\x < Co5 _1 ||LxA||r||^||i 

for all x G X so that L\ C X. Since X ^ L\ we must have that X* = {0} and 
Theorem 4.4 of [25] shows that L must vanish (we remark that in the preparatory 
Lemma 4.3 of [25] the hypothesis X* = {0} has been omitted in the statement). 
This is impossible so we must have that a\ > on a set of positive measure. Hence 
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if we set Sx = a\x o <j\ then S is a nontrivial lattice homomorphism of X into Y 
and Corollary 3.3 will yield that X cY. Hence X C L r where 1 < r < p Y . 

We next show that in fact < C\T(x). If not, there is a sequence x n with 

||^n||x = 1, Xn > and r(x n ) — > 0. But, if this happens we must have x n — > 
in measure and ||x n || r bounded. Hence lim n _ >00 ||x n ||i = and (**) yields that 
lim n ^oo ||x n ||x = 0. This contradiction establishes the claim. 

Fix any simple / G X[0, 1] with = 1. Then there exists < x G AT(A) 

with = /* so that 

|| maxflni o <j n || x > 

n 

Let x = Xljli ijXHj where Hi, . . . , .Hm are disjoint Borel sets. For each s let k(s) 
be the first index such that ak(s)x(ak(s)) = maxi< n<00 a n (s)x(a n (s)). Then let 
b'(s) = £ifc(a)(s) and p(s) = cr fc ( s )(s). The operator V : X — > 1" given by = b'zo p 
is then a lattice homomorphism form X into Y with ||V|| < 1. For n G Z let 
F n = (6 / )" 1 (2 n , 2 n+1 ] and let b = 'Znez 2n XF n so that \b' < b < b' . For each n the 
measures B — >• A(p _1 -BnF n ) are absolutely continuous. Then for any N, we can use 
Liapunoff's theorem to find sets Hf C Hj with X{Hf) = a" 1 A(if J ) for 1 < j < M 
and Xip^Hf n F n ) = a^Xip^Hj n F n ) for |n| < AT. Let Gjv = U| n |<jvF n . Then 

M 

ll^(E^)l|y > -pi/ a (x Gj v^)||y > -WD^WxgvVxWy. 

3 = 1 

Letting N — > oo we have 

||Vz||y < 2||D a ||y||D a -ix|| X . 

Hence 

||/IU<2C 1 || J D a ||y|| J D- 1 /||x. 
As this inequality holds for all simple / > we obtain 

||-Da||x < 2Ci||£) Q; ||y 

for a > 1 so that px > py > 1. As observed in the introductory remarks, this is 
sufficient to prove the theorems 

The following Proposition is trivially false in the case when p = 1 since the map 

x — > (Jq x(s) ds)x[o,i] is a cone embedding of Li[0, 1] into L p [0, 1] when p < 1. 
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Proposition 5.3. Suppose 1 < p < oo. Suppose Y is a p-concave quasi-Banach 
r.i. space on [0, 1] or [0, oo) and that there is a cone- embedding of L p (A, A) into Y . 
Then y[0,l] = L p [0,l}. 

Proof We assume that Y is s-normed. Let (O, //) represent either [0, 1] or [0, oo) 
with associated Lebesgue measure. We apply Lemma 4.1 and Proposition 4.4. 
There exists a constant C and Borel maps a n : O — > [0, oo) and a n : O — > A so that 
a m (uj) 7^ o- u (uj) Mm ^ n and so that for < x G L p , 

oo 

C _1 1|^ Hp < || maxa n x o cr n ||y < || a n x o cr n ||y- < C||x|| p . 

n=l 

Let = a nX o a n ; then L : L p — > y is a positive operator. We can also apply 
Proposition 3.5: there is a weight function to > on O so that ||y||y < ||wj/|| p for 
y <EY and ||u;(La;)|| p < C||x|| p for x G L p . 

At this point we define measures v n on A by v n {B) = f a -i B wPa^d/j. It is easy 
to see that each v n is a finite Borel measure absolutely continuous with respect to 
A. Hence we can find derivatives v n = du n /d\. Now if < x G L p (A) then 



/ 



oo „ oo 

w»Y t a*(xo < T n ydn= / xV(Y^v n )d\ 

J A 



n n=l " " n=l 

and so it follows that 

oo 

$> n (*)<c p 

n=l 

almost everywhere. By an application of Egoroff 's theorem we can find a Borel set 
E C A of positive measure and N so that 

oo 

v n (t)<(2 1 / s C)-P 

n=N+l 



for t G E. 

Now, observe that if < x G L p (E) then 



max a n x o a n ||y < \\w( \^ a n( x ° a n) p ) 1 ^ p \\p 

n>N+l ^— ' 

n=JV+l 

oo 

/P 



a*( £ v^dX) 1 

n=N+l 



1 
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Hence 

l^max^a^o^lly > (||Lx||^ - — \\x\\ s p ) 1/s > ^j^Mp- 

This implies that L p is isomorphic to a sublattice of and hence to a sublattice 
of Y. Finally we can apply Theorem 3.6 to deduce that Y[0, 1] = L p [0, 1]. ■ 

6. The main construction 

Lemma 6.1. Let X be a q-concave Kothe function space on some Polish measure 
space (fi, (j,), where q < oo. Then there is a constant C depending only on X so 
that if /i, . . . , f n E X, and h = (X^=i fiV > then for any M > 1 we have: 

{ Ave \\g tX H e \\ q ) 1/q ^CM^WhW 

e;=±l 

where g e = £? =1 e ifi and H e = {\g e \< M^h} U {|<? e | > Mh}. 
Proof. Note first that 

J^j9eX(\g.\<M-*h)\\ q <M-*\\h\\*. 

On the other hand, if Co is the (/-concavity constant of X, 

Uveii^^M^r) 1 /^^- 1 ^!! 

where 

^(s)>Mh(s) i=1 

We can estimate (assuming h(s) > 0) 

/m 
\Y,eifi(8)\ 29 de<C«M-«h( 8 )« 
i=i 

where C\ is a constant determined by the constant in Khintchine's inequality for 
2q. Combining we have 

(Aje i y e X(\ ge \>Mh)\\ q ) 1/q < C^dM-^hl 

The result now follows .■ 

We now introduce some notation. If [a, b] is a closed interval with 1 < a we 
write T(a, b) for the collection of measurable functions / on [0, oo) which satisfy 
that almost everywhere, either f(s) = or a < \f(s)\ < b or 6 _1 < |/(s)| < a -1 . 
Let [a n , & n ]^Lo be a sequence of intervals with a = 1. If (?7 n )^o * s a sequence with 
< r]n < 1 then [a n , 6 n ] is (r) n )- separated if 6 n < r] n a n+ i for all n. 
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Lemma 6.2. Let X be an r.i. space on [0, oo). Suppose < 5 < 1, and that a > 
is such that 2 5 cr < 5. Suppose (r] n )^ =1 ^ sequence satisfying YlVn < o~ o,nd that 
[a n , b n ]^ =0 are (i] n ) — separated then for any fo, . . . , /at € X such that 

(1) <5<||/J<1 for 0< 3 <N 

(2) fjETia^bj) 

we have that (fj)jL is 2-equivalent to a disjointly supported sequence (gj)jL with 
9j eT{a,j,bj) for0<j < N. 

Proof. Let E k = {s : \f k (s)\ = max <j< N \fj(s)\, \f k (s)\ > \fj(s)\ if j < k}. Let 
9k = fkXE k ■ Then (with appropriate modifications if k = or k = N) 

\\fk~9k\\ < l^ll/fcX(|/ fc |<|/,-|)ll + J^II/fcX(|/ fc |<|/,-|)ll 

j<k j>k 
j<k j>k 

j<k i=j 3>k i=k 

oo 

< (nt-x+rfk) JJ(l + 7/i) 

i=l 

< e a (i] k - 1 + i] k ) < 4(n k + rik-i). 

Hence ||<7fc|| > 5— 8a > |. We also have ^2 Wfk— 9k\\ < 8cr < |. Since (g k ) is a disjoint 
sequence it follows from standard perturbation theory that (f k ) is 2-equivalent to 
(9k)- ■ 

Lemma 6.3. Let X be an r.i. space on [0, oo) or [0,1]. Suppose < 5 < \ and 
[a n , & n ]^Lo are (2~( n+6 ) S) — separated. Then for any positive disjoint fo, /i, • • • ,/jv g| 
X such that 5 < \\fj\\ < 1 and fj G r(a^, bj) for < j < N we have that (fj)jL is 
^-equivalent to a disjointly supported sequence in Ex- 

Proof. We suppose at first that X is an r.i. space on [0, oo). For < j < N we 
choose rrij G Z so that 

^-<HX[o,2^]||<2-^. 
Similarly we choose rtj G Z for 1 < j < N so that 



^4 < ||X[0,2"i]|| < 2^+4 • 



It is clear that ttin < mN-i < • • • < nio < < • • • < njv- 
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Let Uj = X(aj < f 3 < b 3 ) and v 3 = A(6 J " 1 < f 3 < a' 1 ). Then Ml<j<N, 



IIX[0,2 m i+u,-]ll < IIX[0,2 m J]|| + IIX[0,u,-]|| 

<2-U +s >bJ 1 6 + aJ 1 

< 2a- 1 

< 2-^8bj\ 

< IIX[0,2^-i]|| 

so that 2 m ^ + uj < 2 m i- 1 . Similarly, if 1 < j < N - 1, 

IIX[o,2-i + t, J ]ll<2- (j ' +3 V + 6 i <26 i 

so that 

IIX[o,2"i+« J .]ll < 2-^'+ 5 ^a J+ i < ||x[o,2^+i]|| 
and 2 n ^ + ^ < 2 n *+ 1 . Finally 

IIX[o,2-o + u +«o]ll ^ 2 _3 56q 1 + 6 < 26 < ^5oi- 

Hence 2 m ° + w + < 2 ni . 

It now follows that we can rearrange /o, • • • , /jv m the following manner. We can 
suppose that / is supported and decreasing on [2 m °, 2 ni ). Let /q = /oX[2 m o,i] and 
/o =fo~ fd- For 1 < j < N, we let /j = /, \:„, /, and // = fjX {b ^< fj < a ^)- 
We can then suppose that for 1 < j < N, /j is supported and decreasing on 
[2 m J , 2 m J- 1 ) and /■' is supported and decreasing on [2 n ^ , 2 n ^ +1 ) where we adopt the 
convention Un + i = oo. 

Now if efc = X[2 fe ,2 fc + 1 ] l e t 

4 = ^ ^(2 fc+1 )e fc 

fc=m 

and 

m — l 

4 = £ /^(2 fc + 1 )e fc . 

fc=0 

and for 1 < j < N, let 

raj _ i — l 

k=rrij 

30 



and 

n j + 1 -l 
k=rij 

We set Xj = x'j + x'j for < j < N. 

Then < x 3 < fj for < j < N. However if D 2 g(t) = g(t/2) we have 
fj < D 2 Xj + Zj where Zj = bje mj + a~ 1 e rij for 1 < j < N and zo < 6oe mo - Thus 
\\zj\\x < 2-( J+2) 5 for < j < N. Hence if a , . . . , a N > 0, 



a 3 



N N N 

3=0 j=0 j=0 

< 2 1| ctj^j || + 2 max l^i I 

i=o 

AT JV 

< 2||E a ^H + 2 II E^'^' I' 

i=o j=0 

so that (fj)jL is 4-equivalent to a disjoint sequence in Ex- This completes the 
proof when X is modelled on [0, oo). 

For the case X = X[0,1], we may regard X as being defined on [0, oo) and 
proceed as before, but with each fj having support of measure at most one. In this 
case, we have x' ' = while for 1 < j < N, we have x'j < fj < aj 1 < 2~^5. Hence 
if a 3 > for < j < N, 

N N 

W^ctjx'jW < 2- 5 5max|a i | < — W^ajfjl 

3=0 j=0 

Hence since \ + < |, 

N N N 

II E a ifj I' - 2 1' E a i x i 'I + 2 " a 3fj II 

j=0 j=0 j=0 

N 2 JV 

< 2||E«j a; 5ll + 3 II II 

3=0 j=0 

and (fj)jL is 6-equivalent to (a^)jL which is a sequence in i?x[o,i]-" 

We now consider a situation which will remain fixed for Lemmas 6.4-6.6. We 
suppose now that X is a good Kothe function space on (A, A) which is g-concave 
with constant one where q < oo. We further suppose that Y is an r.i. space on [0, oo) 
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which is also (/-concave with constant one. We will assume that X is isomorphic 
to a subspace of Y. Let us therefore suppose that T : X — > Y is a bounded linear 
operator satisfying < II^IIy < IMIx where 5 > 0. 

For convenience we recall the notation introduced in Section 2. For et = ±1, we 
denote by A(ei, . . . , e n ) the clopen subset of A of all (dj)°? =l such that dj = 6j for 
1 < J ' < n. For each n let A n denote the collection of A(ei, . . . , e n ). Let C n be the 
algebra generated by the atoms A n . We let CS n denote the linear span of {xe '■ 
E G A n }. We also define the Haar functions He = XA(e 1: ... ,e„,+i) ~~ XA(e t ,... ,e„,-i) 
for E 1 = A(ei, . . . , e n ). Let C5 1 be the union of the spaces C<S n . 

We define Q n : CS n — > Lq[0, oo) to be the linear map such that Q n (x E ) — \Th F \ 2 
where E G A n . 

Lemma 6.4. If x G CS n then || (QnX 2 ) 1 ^ 2 ^ < ^gIMIx? where Kq is the Grothen\ 

dieck constant. 

Proof. If x = J2 E eA n a EXE then, by Krivine's theorem [31], 

\aE\ 2 \Th E \ 2 ) 1/2 \\ Y < K G \\ (J2 \a E \ 2 \h E \ 2 ) \\x = K G \\x\\ x .. 

For any measurable function / G Lq[0, oo) and a > 1 we define r a f = fX(a- 1 <\f\<a) 
We then define for x G CS+, 

V(x) =supliminf||r a ((Q m (x 2 )) 1 / 2 )||y. 

a m^oo 

Lemma 6.5. There exists a constant C = C(X,Y) so that if rj > and b > 1, 
t/ien whenever x > 0, x G CSVi u>ii/i < 77 i/ien i/iere exists a clopen set D 

independent of C n such that X(D) = |, max(||xx£)||x, ll^ - ^XdIIx) < (3/4) 1 /' 7 ||a;||x 
and 

||r 6 (T(x -2 Xd x)) II <Cr7. 

Proof. Let 77 = *(x). We first pick w G L (A) + so that \\x\\x = {{xw^Wq and 
U\\x < Uw^Wq for all (el We write x = Y.EeA n a EXE- 
Suppose m > n. For a choice of signs = ±1 we write 



x 



= E ftE E e F h F . 



FCE 



We also let y e = Tx e G Y. 

Let x C}+ = max(x e ,0) and x e> _ = max(— x e ,0). We first estimate 



|x f .+ ll v < 



e,+ \\x - 2 



\ I \x\ q w q (XF + e F h F )dX. 

1 J TP r- A 



FeA 
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I II 9 II II ^ <" 



This gives 

^2 e F [ \x\ q w- q h F d\ . 
Switching signs we get a similar estimate for ||x ej _||^ and hence 

A^ max(||x e>+ ||^J|x e> _||i)<i||*+( £ (/ \x\*w-*d\)\ 

\FeA m ^ Jf ' 

by Khintchine's inequality. 

The second term here can be estimated by 

1/2 



1/2 



max 



\x\ q w~ q d\\ \\x\\ q l 2 . 



It follows that for large enough m we have 

5 

^Ave max(||x ei+ ||^, ||x e ,-|&) < -\\x\\ q x . 

For such m we have 

3 1 

Pr(max(||x e , + ||^, ||x e ,-|&) < -\\x\\ q ) > -. 
We will now choose m subject to this restriction and such that 

\\Ta(QmX 2 ) 1/2 \\ Y < V 

where a = b\\x\\x/v- Let G = {a -1 < (QmX 2 ) 1 ^ 2 < a}. Then since Y has cotype q, 
for a suitable constant Co = Cq(Y), 

(AyeJy eX G\\ q Y ) lq <C \\ XG (Yl E l«s| 2 |^ B | 2 ) 1/2 ||y 
' £e.A„ rev 

FCB 

= C ||xG(QmX 2 ) 1/2 ||y 

<C v- 

On the other hand, if H is the complement of G and -E? e = {b~ x < \y e \ < b} then 
B £ DH C {|y e | < ?7||x||^ 1 (Q m a: 2 ) 1 / 2 }U{| 2 / £ | > HxHx^" 1 ^^) 1 / 2 }. It thus follows 
from Lemmas 6.1 and 6.4 that 

(Ave \\T h y eX H\\ q Y \ < C lV \\x\\ x 1 \\(Q m x 2 ) 1 / 2 \\ Y < K G C lV . 

Hence 

Av e ll^J/elly- ) <C 2 v 

where C2 depends only on X, y. 

Finally it follows there must exist a choice of so that max(||x ej +|| 9 , || cr e; _ || <? ) < 
f H^llx and ||rfej/ e ||y < 6C2I]. We conclude by writing ^ephp — 2\d — Xa and 
then D satisfies our hypotheses.! 
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Lemma 6.6. Suppose inf{\l/(x) : = 1, x G CS + } = 0. Then there is a 

nonatomic Banach lattice Z which is lattice-finitely representable in X so that Z 
has an unconditional basis which is lattice-finitely representable in Ey. 

Proof. Suppose N is a natural number. Let 7 = (f) 1 / 9 . Let C be the constant 
determined in the previous lemma. We will select 77 > so that 

^ ■ f 1 n x (1-7)^ , 
We pick x G CS + so that \\x\\x = 1 and ^(x) < n. Suppose x G CS n . We 

\2 N+1 — 1 / \2 N — 1 

construct by induction a sequence of clopen sets (F k ) k=1 , sequences (a^, b k ) k=0 , 
and functions y k G Y for < /c < 2 7V+1 — 1 so that: 

(1) a = 1 and Fi = A. 

(2) Each F fc is independent of C n . 

(3) F k = F 2k U F 2fc+1 and A(F 2fc ) = A(F 2fc+1 ) = \\{F k ) for 1 < fc < 2^ - 1. 

(4) For 1 < k < 2 N - 1 we have (1 - 7)ll a; XF fe ||x < lkXF 2 J|x, \\xXF 2k+1 \\x < 
l\\x X F k \\x. (5) a fc < b k (1 < fc < 2 N+1 - 1) and b k < (1 - 7 ) Ar 52-( fc+7 )a fc+1 for 
1 < jfc < 2^+! - 2. 

(6) If ho = x and then h k = x(2xF 2k — XF k ) for 1 < /c < 2^ — 1 then \\Th k —yk\\ < 
(C + l)n. 

(7) y k G r(a fc ,6 fc )- 

We start the induction as stated with ao = 1, Fl = A, /io = We then select 60 
large enough so that ||T7io — T~b Tho\\Y < rj and set yo = Tb Tho. 

Now suppose 1 < k < 2 N - 1 and that (a,- )*=;}, (6j)*=J, (yj)*=o and (^jOj^T 1 
have been determined. We first pick a k so that < (1 — 7) Ar 52~( fc+6 )afc so 

that (5) holds. Now ^{xxF k ) < < ?]. Hence we are able to apply Lemma 

6.5 to find a clopen set D independent of the algebra generated by the sets C n and 
{Fi, . . . ,F fc _i} so that X(D) = \, m&x(\\xxF k nD\\x,\\ x XF k \D\\x) < l\\xXF k \\x, 
and 

\\ T a k 

(T(x X F k -2xxF k nD))\\Y<C V 

where C is the constant of the previous lemma. 

We now let F 2k = F k fl D and F 2 fc + i = F k \ D. Conditions (2) and (3) are 
immediately satisfied. Condition (4) follows from the triangle law. If we define h k by 
(6) we have \\r ak Th k \\y < Cn. Therefore we can pick b k > a k so large that if G is the 
set where 6 A T 1 < \Th k \ < a^ 1 or a k < \Th k \ < b k then \\Th k -XGTh k \\ Y < (C+l)r]. 
Let y k = xcTh k . Then (6) and (7) follow. 

This completes the inductive construction. We now observe that for every 2 N < 

k < 2 N+1 - 1 we have (1 - 7)^ < \\xxfJ < 1 N ■ In particular \\h k \\ x > (1 - l) N 
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for < k < 2 N - 1. Thus \\Th k \\ Y < (1 - 7)^5. By choice of rj this implies that 
1(1 — 7)^5 < ||yjfc||y < 1. Now we can appeal to Lemma 6.3 to deduce that (yk)k=o 1 
is 12-equivalent to a disjoint sequence in Ey. In particular it is 12-unconditional. 
Since \\Th k - VkWWyuW- 1 < 2(C + 1)77(1 - 7 )~ iV <5~ 1 we have 

£ \\Th k - y k \\ \\ykl\- 1 < 2 N+1 (C + 1)(1 - 7)-^-^ < lO" 2 . 

fc=0 

\2 JV — 1 \2 JV — ll 

Hence (Thk) k=0 is 24-equivalent to a disjoint sequence in Ey and hence (hk) k=0 | 
is 245~ ^equivalent to a disjoint sequence in Ey. 

We can define a linear map Ljy : CSn — *• -X" by ijv(XA(ei,...ejv)) = ^X^fe where 
/c = 2^ + ^X]jLi(l — e j)2 Ar_J - Then we can induce a lattice norm on CSV by 
||/||jv = 11-kjv/Hx- Let U be a no n- principal ultrafilter on N. We define for f e CS, 

||/||z = lmi||/|k. 

Then || \\z is a lattice norm on CS with the property that if E G An then (1—7)^ < 
||xe||z < 7^- Thus the completion Z of this space is a nonatomic Banach lattice 
which is finitely representable in X. Also the Haar system is clearly an unconditional 
basis of Z which is 255 -1 — lattice finitely representable in Ey.u 

Before proving the next theorem, which is the main result of the section, we 
make some definitions. Let us denote by [0, 00] the one-point compactification of 
[0, 00). Suppose (fi n , Hn)^Lo is a sequence of Polish spaces with associated a— finite 
measures and let f n : fi n — > [0, 00] be Borel functions such that for each a > we 
have fx n (f n > a) < 00. We will say that (f n , /U n )^Li converges to (/o,A*o) l aw if 
and only if for every continuous function : [0, 00] — > R so that vanishes on a 
neighborhood of we have 

lim / (f)of n dji n = / (f)of dii . 



n^oo 







If / n converges to /o in law then it is not difficult to see that 

A*o(/o > a) < liminf/x n (/ n > a) < lim sup //„(/„ > a) < // (/o > a). 

n >oo n — >ao 

Hence we can deduce that /* — > /q a.e. on [0, 00) and for any r.i. space Y this 

implies that ||/o||y(n , Mo ) < lim inf n _Kx, ||/ n ||y(fi„, M „). 
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Theorem 6.7. Suppose Y is an r.i. space on [0,1] or [0, oo) with nontrivial con- 
cavity. Suppose X is a good Kothe function space on (A, A) which is isomorphic to 
a subspace of Y. Then either: 

(1) There is a nonatomic Banach lattice Z which is lattice-finitely representable in 
X and such that Z has an unconditional basis, which is lattice finitely representable 
in Ey, or: 

(2) There is a cone- embedding of X 1 / 2 into Y 1 / 2 - 

Proof Let C be the (countable) algebra of clopen subsets of A. We define a compact 
space fi = [0, oo] c . We denote the co-ordinate maps on O by for E E C. 

Let us suppose first that Y = Y[0, oo); we will describe the minor modifications 
for the case [0, 1] afterwards. We suppose that Y is (/-concave with constant one 
where q < oo. Suppose p > 2q is fixed. Let T : X — > Y be a linear map satisfying for 
some 5 > 0, < II^Hy < \\ x \\x for x E X, and define Q n : CS n — > L o [0, oo) 

as above. 

We make first the observation that, as Y is q— concave, we have an estimate 
||X[0,t]||y > tl/q for t > 1 and hence if y e Y then y*(t) q < for t > 1. It 

follows that if y E Y then 

/ min(l, M^ 2 ) dt < 1 + \\y\\ P J 2q / t-v/^dt < 1 + C \\y\\ P J 2q 
Jo Ji 

for a suitable constant Cq = Co(q,p). 

Let us define K n : [0, oo) — > O by £e ° K n = Q n (XE) if E E C n and £e ° K n = 
otherwise. Let w be the weight function on Q defined by w = min(l,£^). We will 
define a Borel measure v n on Q by 

MB)= I min(l,Q n ( X A) p )rfA. 

Jh,- x b 

Let us first note that 

v n {Q) = J min(l, (Q nX A) p )dX < 1 + C K p J q 

so that the sequence of Borel measures (v n ) is bounded in AA(Q). It follows that 
(u n ) has a weak*-limit point z/. Let us define (i n = w~ x v n and [i = w~ x v\ these 
measures are a— finite. 

Note first that if U is an open subset of O then v(U) < limsup^ n (L r ). We 
use this first to argue that £e < oo, /x— a.e. for every E G C. In fact if a > 
then in E 1 G C n , we have v n (£,E > a) < X(Q n (XE) > a) and by Lemma 6.4, 
a 1 / 2 min(l, X(Q n (XE) > a)) < K G \\xe\\x- Hence lim^oo v(£ E > a) = and so 
H(£ E = oo) = 0. 
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Next we argue that if E, F G C are disjoint then £,euf = £,e + £,f a.e. for \i. 
In fact, if e > 0, let £/ be the set of uj G O such that CbH^fM^bufH < 00 
and |£e(u>) + £f(u;) - £euf(^)| > £• Then if E, F G C n , we have i^ n (C/) = 0. Hence 
z/(t/") = and = 0. Thus £f + £,f = £fuf a.e. It follows that we can define a 
linear map £0 : CS — > Lo(fx) by 5o(xs) = £f- 

Now suppose / G (75"+. Let / = J2k=i a kXE k where E±, . . . , -Eat are clopen sets 
in A, and at > for 1 < k < N. Let g = JjfcLi a k£,E k so that g = Sof a.e. for \i. 
Let M = X)feLi Then / < Mxa and (7 < M£ A , a.e. for 

For any a > 0, let <^ a be a continuous function on [0, 00] such that (p a (t) = if 
< t < l/(2Mo) and p a (*) = 1 if t > l/(Ma). Then let o a = (</? a o f A ) min(a, o). 
Then r a g <g a <g, Li-a.e. 

For fixed a > 0, g a is continuous on O. Furthermore for each n, [i n {g a > 0) < 
A*n(^A > (Ma) -1 ) < A(Q n (xA) > (Ma) -1 ) is uniformly bounded. If f n (fc) con_ 
verges weak* to z/ then for any continuous function </? on [0, 00] which vanishes in a 
neighborhood of the origin, we have 

lim / g a dii nh = lim / g a w~ 1 du nk 

= lim / (<p a o£ A )max(l,^ p )min(Q,a)aV nfe 
k ^°° J ft 

(<Pa ° f a) max(l, ^ p ) min(o, a)dv 

Qadfi. 

Thus (o a , /U nfc ) converges in law to (g a , fx). Since Y is order-continuous, g a is bounded 
and the measures of the supports are uniformly bounded, this implies that 

lim \\gl /2 \\Y^ nk) = \\gl ,2 \\Y { »). 

If Ei, . . . ,En G C n then we have g > g a > r a g a.e. for fj, n . It follows that we 
have ||T a 0||y (/in) < |kl|y( M „) < IM|y( M „)- 

Note however that (g, fi n ) coincides in law with (Q n f, A) for if B is a Borel subset 
of (0, 00) then lu^g^B) = J g _ lB w~ x dv n = A(« -1 o -1 S) = A((Q n /) -1 S). 

Hence we obtain the estimate 

lim hminf IMOJ) 1 / 2 !^ < ||# 1/2 ||y (M) < lim sup || (Q n /) 1/2 ||y • 

We conclude that / G CS+ we have ^/(J 1 / 2 ) 2 < \\S f\\ Yl/ M < K 2 G \\f\\ Xl/2 . 
Thus £0 extends to a bounded positive operator S : Xiy 2 — > ^1/2 • If alternative (1) 
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of the theorem is false then, by Lemma 6.6, S has a lower estimate and it is clear 
that S is a cone-embedding, as required. 

In the case when Y = Y[0, 1] we can regard Y as being embedded in a space 
modelled on [0, oo) and need only observe that in the above proof, the measures /i n 
and \x have total mass at most one. ■ 

Theorem 6.8. Suppose Y is an r.i. space on [0,1] or [0, oo) with nontrivial con- 
cavity, which is either strictly 2-convex or of Orlicz-Lorentz type. Suppose X is a 
good Kothe function space on (A, A) which is isomorphic to a subspace of Y. Then 
there is a cone- embedding of into Y1/2 ■ 

Proof. It is enough to show that the existence of Z in Theorem 6.7 leads to a 
contradiction. Suppose first that Y is strictly 2-convex; then Ey is also strictly 
2-convex. This implies that the unconditional basis of Z is strictly 2-convex, and 
hence Z can contain no copy of £2', however Z must have nontrivial cotype and this 
contradicts Lemma 2.4 of [11]. 

If Y is of Orlicz-Lorentz type then Ey is lattice-isomorphic to a modular se- 
quence space which has nontrivial cotype. Now the unconditional basis of Z is 
lattice finitely representable in Ey. This implies that Z also is isomorphic to a mod- 
ular sequence space, also with nontrivial cotype. This can be established directly 
without difficulty, but is also a special case of more general results on ultrapro ducts 
of Orlicz spaces and Orlicz-Musielak spaces, for which we refer to [12], [18] and [43]. 
This now contradicts Theorem 4.3 and Corollary 4.4 in [28] (which in turn extends 
an earlier result of Lindenstrauss and Tzafriri [32] ) .■ 

7. The main results 

Before proving our main results for embeddings of nonatomic Banach lattices 
into r.i. spaces, we first give an illustrative theorem for atomic Banach lattices. 
Compare this result with those of Johnson and Schechtman [22] and Carothers and 
Dilworth [8]. 

Theorem 7.1. Suppose Y is an r.i. space on [0, 00) with nontrivial cotype, and 
suppose that either (a) Y is 2-convex or (b) py > 2. Suppose (u n ) is a strictly 
2-convex unconditional basic sequence in Y. Then (u n ) is equivalent to a disjoint 
sequence. Equivalently, if X is a strictly 2-convex atomic Banach lattice which is 
isomorphic to a subspace of Y then X is lattice-isomorphic to a sublattice of Y. 

Remark. We do not know if this theorem holds when Y is an r.i. space on [0, l].m 
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Proof. Let us suppose that X is an atomic Banach lattice represented as a function 
space of N with canonical basis vectors e n and that S : X — > Y is an embedding 
with Se n = u n . Then by Theorem l.d.6 of [34] we can define a cone-embedding 
L : X1/2 — > Vi/2 by Le n = |it n | . The result is now obtained by putting together the 
facts previously established on cone-embeddings. Since X\j 2 is strictly 1-convex L 
is a strong cone-embedding, by Lemma 4.1; then since Y\ji has property (d) under 
either conditions (a) or (b), Proposition 4.5 shows that X 1 / 2 is lattice-isomorphic 
to a sublattice of Yi/2- But this implies the result.! 

We now prove the nonatomic version of the above theorem. 

Theorem 7.2. Suppose Y be an r.i. space on [0, oo) with nontrivial concavity and 
either 

(a) Y is strictly 2-convex, or 

(b) Y is 2-convex and of Orlicz-Lorentz type, or 

(c) py > 2 and Y is of Orlicz-Lorentz type. Suppose X be a strictly 2-convex 
nonatomic Banach lattice. If X is isomorphic to a subspace of Y , then X is iso- 
morphic to a sublattice of Y. 

Proof. We can of course assume that X is a good Kothe function space on (A, A). 
We first apply Theorem 6.8 to deduce the existence of a cone-embedding of Xi/ 2 
into Yi/2- Now the proof proceeds as in Theorem 7.1. ■ 

Remarks. Let us first note that if Y is 2-convex then X must also be 2-convex at 
least; the hypothesis that X is strictly 2-convex is then equivalent to the hypothesis 
that l 2 is not lattice finitely representable in X (cf. [21] Lemma 2.4). This result 
was previously known in the special case Y = L p [0, oo) [21] , Theorem 1.8 (the 
atomic case is proved in [16].) 

We now turn to the case when Y is an r.i. space on [0, 1]; here our result is not 
quite as strong (exactly as in the atomic case: see discussion after Theorem 7.1). 

Theorem 7.3. Let Y be an r.i. space on [0, 1] with nontrivial concavity and sup- 
pose either (a) Y is strictly 2-convex or (b) py > 2 and Y is of Orlicz-Lorentz type. 
Suppose X is a nonatomic strictly 2-convex Banach lattice which is isomorphic to 
a subspace ofY. Then X contains a nontrivial band X which is lattice-isomorphic 
to a sublattice of Y. 

Proof. We will consider X as a good Kothe function space on [0, 1]. Then there is, 
by Theorem 6.8, a cone-embedding L : X 1 / 2 — > li/2- Furthermore X\j 2 is s-convex 
for some s > 1 and there exists in either case r > 2 so that Y\j r has property (d). 
Proposition 4.6 then implies that for some Borel set E with X(E) > the band 
Xi/ 2 (E) is lattice-isomorphic to a sublattice of Y 1 / 2 . The result then follows.! 
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We now turn our attention to the case when X is known to be an r.i. space. 

Corollary 7.4. Let Y be an r.i. space on I = [0,1] or [0, oo) with nontrivial 
concavity. Suppose either 

(a) Y is strictly 2-convex or 

(b) Y is of Orlicz-Lorentz type and py > 2. 

Suppose X is an r.i. space on I = [0,1], with X ^ Z,2[0,l]. Assume that X is 
isomorphic to a subspace of Y. Then X is isomorphic to a sublattice of Y and there 
exists f eY so that X = Y)[0, 1]. 

Proof. Consider first case (a). By Proposition 2.e.l0 of [28] or Section 2 of [21] 
either X = L 2 or X is strictly 2-convex. The result then follows by the preceding 
Theorems 7.2 and 7.3. 

Case (b) is slightly different. In this case Theorem 6.8 implies that there is 
a cone-embedding of X 1 / 2 into Y 1 / 2 . By Proposition 5.2, either Xi/ 2 = Li (i.e. 
X = L 2 ) or Xi/ 2 is isomorphic to a sublattice of Y X j 2 and the result follows.* 

Remarks. Some special cases of Corollary 7.4 are known. In [21] Theorem 7.7 the 
corollary is proved when Y is a strictly 2-convex Orlicz function space. Later, 
Carothers [5] and [6] proves the same theorem for Lorentz spaces L PjQ where p > 
max(g, 2). Carothers considers first the strictly 2-convex case (2 < q < p) and later 
modifies the proof to the case 1 < q < 2 < p. Note that in these cases and in more 
general Lorentz spaces considered by Carothers one has the additional information 
that every Yf[0, 1] coincides with Y[0, 1]. This is equivalent to an inequality of the 
form ||/ ® g\\ Y < K\\f\\ Y ||<7||y for f,g E F[0,1]. This additional information is 
actually used in the proof. 

For reference let us state one additional case which follows from Theorem 7.2 
and Proposition 3.3. 

Corollary 7.5. Let Y be an r.i. space on [0, oo) with nontrivial concavity which 
is 2-convex and of Orlicz-Lorentz type. Let X be a strictly 2-convex r.i. space 
on [0, 1] which is isomorphic to a subspace of Y. Then there exists f G Y so that 
X = Y f [0,l}. 

Let us note the following special case. 

Corollary 7.6. Suppose 2 < p < oo and Y is a p-convex r.i. space on [0, 1] or 
[0, oo) with nontrivial concavity. Suppose L p is isomorphic to a subspace ofY. Then 
Y[0, 1} = L P [0, 1]. 

Proof. It follows from Corollary 7.3 that L p [0, 1] = Y)[0, 1] C Y[0, 1] but Y[0, 1] C 
L p [0, 1] since Y is p-convex.m 
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Remarks. The condition that Y is p-convex cannot be relaxed here (cf. [19]). We 
remark that analogues of Corollary 7.6 for 1 < p < 2 have been proved in several 
places in the literature. In the case p = 1, then L\ embeds into a separable r.i. 
space Y[0, 1] if and only if Y[0, 1] = Za[0, 1]. This is proved under the additional 
hypothesis that Y has nontrivial cotype in [21] (cf. [34] Corollary 2.e.4); it is 
proved under the hypothesis that Y does not contain cq in [23] . The result with no 
additional hypothesis follows from Theorem 10.7 and Theorem 7.3 of [27]. For the 
case 1 < p < 2 a similar result holds when Y is separable and p-convex provided 
one eliminates the possibility that Y contains a disjoint sequence equivalent to the 
Haar basis of L p [0, 1] (see Theorems 7.3 and 10.7 of [27 ].) 

In our final result we consider the case when instead Y is p-concave for some 
p > 2 and L p embeds into X . 

Theorem 7.7. Suppose 2 < p < oo and that Y is a p-concave r.i. space on [0, 1] 
or [0, oo). Suppose that L p is isomorphic to a subspace ofY. Then, either: 

(a) The Haar basis of L p is lattice finitely-representable in Ey or 

(b) Y[0,l]=L p [0,l}. 

In particular, if Y is strictly 2-convex or of Orlicz-Lorentz type, then Y[0, 1] = 
L p [0,l]. 

Proof. We will apply Theorem 6.7. First suppose that Z is a nonatomic Banach 
lattice which is lattice finitely representable in L p , which has an unconditional basis 
lattice finitely representable in Ey. Then of course Z = L p . It follows from the 
reproducibility of the Haar basis (Theorem 2.c.8 of [34]) that the Haar basis is also 
lattice finitely representable in Ey, contrary to hypothesis. 

We conclude that L p / 2 can be cone-embedded into Yi/2- Now the result follows 
immediately from Proposition 5.3.i 

Remarks. Here, the condition that Y is p-concave cannot be relaxed ([19]). We 
give a simple application. Suppose 1 < r < 2 < p and Y = (L r + L p )[0, oo). It 
follows from the above theorem that L p is not isomorphic to a subspace of Y which 
answers a question raised in [17]. 

8. Complemented subspaces of r.i. spaces 

The following result is quickly deduced from the methods of [27]. 

Theorem 8.1. Let Y be a separable order- continuous Banach lattice, which con- 
tains no complemented sublattice isomorphic to i 2 - Suppose X is a Banach lattice 
which is isomorphic to a complemented subspace ofY. Then either: 
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(a) There is a constant C so that, for every n, £ 2 is C-lattice-isomorphic to a com- 
plemented sublattice of X , or: 

(b) There exists N so that X is lattice isomorphic to a complemented sublattice of 

y n = y © • • • © y. 

Proof. We will prove under the assumption that X is nonatomic. (An exposition 
of the atomic case, which is proved by the same techniques, will be given in [10].) 
In this case we may suppose that both X and Y are good Kothe function spaces 
on (A, A) and that X has the "strong density property." By combining Theorems 
6.1 and 6.3 of [27] it is possible to find a sequence of Borel maps a n : A — > A 
and three sequences (a^ 5 ), (a^), (a^) of nonnegative Borel functions on A so that 
a?(s) 2 < a%(s)a*(s) and if: 

oo 

71=1 

oo 

n=l 

oo 

Rf = J2 a nf°°n 

n=l 

for / G (L ) + then we have for a suitable constant C\ that ||-P/||i < Ci ||/||i, 
\\Qf\\y 1/2 < Ci||/||x 1/2 , and \\Rf\\ Y ; /2 < Ci||/IU r/2 - Note here that Q need only 
map into Y maXjl / 2 and not necessarily into Y 1 / 2 . Now by Theorem 6.4 of [27] it can 
be seen that if the first alternative fails then there is a constant c > so that 



/ 



sup a^f o a n d\ > c / fdX 



for / > 0. We now use an argument due to Dor [15]. Consider the map T : L\ — > 
Li(co) defined by Tf(s) = (a%(s)f(a n (s)). Then ||T|| < d and ||T/|| > c||/||. Note 
that since Co has separable dual, L\{cq)* can be identified with Loo(^i)- By the 
Hahn Banach theorem there exist 4> n G so that || Y^n=i I0n|||oo < C\c~ x and 



OO „ „ 

^2 / nCl nf ° a ndX = fdX 



for / G la (A). 

Now for each n define E n = {s : (p n (s) > (2d)" 1 }. Then for / > 0, 



Y] I <t>nO>nf °^n<\ / / d\. 



n=1 JA\E n 
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Hence 



/ <foa n dX>^r fdX. 

n=l ^ En 1 J 



Notice that Y^^Li XE n < ^iY^=i l&nl < 2C 2 c~ 1 almost everywhere. Let N 
be the least integer greater than 2Cfc~ 1 . Consider the operators P' , Q' and R' 
defined by 

OO 

P'f = ^a^XE n f oa n 

n=l 

oo 

Q'f = J2 a nXE n foa n 

n=l 

oo 

R'f = Y, a nXEjoa n . 

n=l 

Then these operators can each be rewritten in the form, 

N 



P'f = £ &£/ ° «n 

n=l 
N 

Q'f = J2 b nf°^ 

n=l 
N 



n=l 

for suitable nonnegative Borel functions 6^,6^,6^, for 1 < n < N, which also 
satisfy (b^) 2 < b®b^ a.e., and for suitable Borel maps 7r n : A — > A. 
Now define U : X - Y£ ax , V : X* - (Y*) N , by 

Uf(s,n) = (b%(s)) 1 / 2 f(n n (s)) 
VfM = (b*(s)) 1 / 2 f(7r n (s)). 

It is easy to see that U is bounded for 

N 

max \\Uf(.,n)\\ Y < ||(£ #(/ ° T») 2 ) 1/2 ||y 

Kn<N ^— ' 
- - n=l 

= IIQ'/'C 
< WQfllZ 

.1/2, 



< C t > ||,/ || v 
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Similarly V is bounded. 

The proof is completed by Proposition 2.3 of [27], for if F is a Borel subset of 
A then 



This theorem has immediate consequences if Y is an r.i. space. 

Theorem 8.2. Let Y be a separable r.i. space on [0,1] or [0, oo), which contains 
no complemented sublattice isomorphic to £2- Suppose X is a strictly 2-convex or 
strictly 2-concave Banach lattice which is isomorphic to a complemented subspace 
of Y. Then X is lattice-is omorphic to a complemented sublattice of Y. 

We remark that Theorem 8.2 is closely related to Theorem 8.1 of [27], and could 
be used to simplify some of the arguments in the proof of that theorem somewhat. 
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